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Abstract
We study designs in the binary a,ne space invariant under the a,ne group in its 3-transitive
action. The main result is a family 7-(2n; 8; 45); n¿6 of non-simple designs. We also obtain
5-(2n; 6; 3) for every n¿3 and 5-(2n; 7; 7(2n − 16)=2) for every even n¿6. c© 2001 Elsevier
Science B.V. All rights reserved.
1. Introduction
Designs are fundamental objects of modern discrete mathematics.
Denition 1. Let V be a set of v points and k ¡v. To every t-subset B⊂V let there
be assigned a nonnegative integer weight w(B). We call (V; w) a t-design t-(v; k; ) if
for every t-subset T ⊂V the following holds:∑
B⊃ T
w(B) = :
Here the sum is over all k-subsets B of V containing T .
Subsets with nonzero weight are called blocks. If 0 and 1 are the only weights w(B)
occurring one speaks of a simple t-design. For more information on t-designs, see [4].
We consider the a,ne group G = E · L over the eld with two elements, in its
3-transitive action on the 2n points of the underlying vector space V = Fn2. Here E is
an elementary abelian group of order 2n and L is the n-dimensional general linear group
GLn(2). The elements of E have the form w, where w ∈ V and act as translations
on V :
w(v) = v+ w:
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We see that L is the stabilizer in G of the vector 0. As GLn(2) is doubly transitive
on the nonzero vectors of the vector space V , it follows that G acts triply transitively.
It was Alltop [2], who rst used this group to construct t-designs with t ¿ 3. As G is
3-transitive, it is clear that for every cardinality k, every orbit of G on k-subsets of V
is a 3-design. Alltop uses single orbits. He proves that such an orbit is a 5-design if
and only if it is a 4-design and produces an explicit example of a 5-design with k=24
in case n=8. We want to study the situation in more detail in order to construct innite
families of non-simple t-designs whose blocks are unions of orbits of G. We restrict
attention to block sizes at most 8. In the next section we collect general information
and describe some invariants. In the nal sections we describe the orbits and derive
families of designs. I wish to thank Vladimir Tonchev for bringing this subject to my
attention.
2. Orbits and invariants
Let {v1; v2; : : : ; vn} be a basis of the vector space V and v= 2n. The a,ne group G
in its 3-transitive action on V was described in the Introduction.
Lemma 1. Let B⊆V be a subset of even cardinality k.
We have
∑
x∈B x = 0 if and only if this is true for all members of the orbit
containing B.
This is trivial. Observe that the statement of Lemma 1 denitely is not true for odd
cardinalities k.












The a,ne span is a subspace of the binary vector space V . We dene the dimension
of B by dim(B) = dim(〈B〉).
It is, in fact, obvious that 〈B〉 is closed under addition. Also, dim is constant on
orbits. We can choose the representative B from its orbit such that 0 ∈ B. In that case
〈B〉 is the subspace of V generated by B.
We dene two more invariants. These will su,ce to characterize all orbits of subsets
with at most 8 elements.
Denition 3. Let B⊆V . Denote by (B) the number of 4-subsets of sum 0, which are
contained in B, and by (B) the number of 6-subsets with sum 0 contained in B.
It follows from Lemma 1 that  and  are constant on orbits.
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3. Description of orbits
Observe that the orbits of subsets B to be described in the sequel are present only
when n¿dim(B). It follows from Lemma 1 that the 4-sets {0; v1; v2; v3} (of sum 	= 0)
and {0; v1; v2; v1 + v2} (of sum =0) are in diJerent orbits. Denote these orbits by V1
and V2, respectively. V1 may also be described as the family of 4-sets in general
position (or of dimension 3), whereas the elements of V2 are precisely the subspaces
of dimension 2. The lengths of these orbits are obviously
a(V1) = v(v− 1)(v− 2)(v− 4)=24
a(V2) = v(v− 1)(v− 2)=24
As these numbers add up to ( v4 ), group G has just two orbits on 4-sets.
Two orbits on 5-sets immediately come to mind: the orbit F1 of 5-sets in general
position (equivalently: of dimension 4), with representative {0; v1; v2; v3; v4}, and the
5-sets obtained by adding an independent vector to a 4-set in orbit V2. These latter
5-sets form an orbit F2 with representative {0; v1; v2; v1 + v2; v3}. Elements of F2 have
dimension 3. Obviously the lengths of these orbits are
a(F1) = v(v− 1)(v− 2)(v− 4)(v− 8)=120
a(F2) = v(v− 1)(v− 2)(v− 4)=24
These numbers add up to ( v5 ). We conclude that G has only two orbits of 5-subsets.
Consider the 6-subsets next.
Some notation comes in handy. Recall v= 2n. Moreover, let
pi = pi(v) = v(v− 1)(v− 2)(v− 4) : : : (v− 2i):
These expressions occur regularly in the formulas for the orbit lengths. The following is
a list of four representatives B of diJerent orbits of 6-subsets. For each representative,
we give the parameters dim and . These two parameters su,ce to determine the
orbits.
Name B Representative dim  Length a(B) of orbit
S1 0; v1; v2; v3; v4; v5 5 0 p4=6!
S2 0; v1; v2; v3; v4; v1 + v2 + v3 + v4 4 0 p3=6!
S3 0; v1; v2; v1 + v2; v3; v4 4 1 p3=48
S4 0; v1; v2; v3; v1 + v2; v1 + v3 3 3 p2=48
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Again, the lengths of the orbits add up to the right number ( v6 ). It follows that G
has precisely four orbits on 6-subsets.
Denition 4. The (t; k)-incidence matrix is the matrix whose rows are indexed by
the orbits on t-sets, columns indexed by the orbits on k-sets, where the entries de-
note, for a xed t-set T from that orbit, in how many k-sets of the given orbit T is
contained.
Here is the (5; 6)-incidence matrix.
Representative in S1 S2 S3 S4
F1 v− 16 1 10 0
F2 0 0 v− 8 3
We see that we may use the blocks of S4 and those of S2, where the latter are to
be used with weight 3, and obtain a design with parameters 5-(2n; 6; 3).
Theorem 1. Choose as blocks
• the 6-sets with sum 0; each with weight 3; and
• the 6-sets of dimension 3.
This de5nes a design
5-(2n; 6; 3):
The following table contains names, representatives and parameter values for six
orbits of 7-sets. The parameters show that these orbits are diJerent.
Name X Representative dim  
X1 0; v1; v2; v3; v4; v5; v6 6 0 0
X2 0; v1; v2; v3; v4; v5; v1 + v2 5 1 0
X3 0; v1; v2; v3; v4; v5; v1 + v2 + v3 + v4 5 0 1
X4 0; v1; v2; v1 + v2; v3; v4; v3 + v4 4 2 1
X5 0; v1; v2; v3; v4; v1 + v2; v1 + v3 4 3 0
X6 0; v1; v2; v3; v1 + v2; v1 + v3; v2 + v3 3 7 0
Sets from X2 consist of a V2-set and three independent elements. Sets from X3 are
obtained by adding an independent point to a set from S2. The union of two sets from
V2 intersecting in precisely one point, yield orbit X4. Sets from X5 arise by adjoining
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an independent point to a set from S4. Finally, sets X6 arise by deleting a point from
a three-dimensional subspace. These descriptions yield the formulae for the lengths of








The orbit lengths sum to ( v7 ). This shows that we have described all orbits on 7-sets.
Let B⊆V; |B|=k. Then (B) is the number of 4-subsets of B from orbit V2, and the
number of 5-subsets of B from orbit F2 is clearly (k−4)(B). A trivial double-counting
argument (see [1]) su,ces to determine the (5; 7)-incidence matrix:










0 2(v− 8) 9(v− 8)
2
3
Theorem 2. Let n¿6 be even. Choose as blocks
• the 7-sets X of dimension 5 not containing a 4-subset of dimension 2; each with
weight 1; and
• the 7-sets of dimension 3; with weight 7(v− 16)=6.
This de5nes a design
5-(2n; 7; 7(2n−1 − 8)):
Here is the (6; 7)-incidence matrix:
X1 X2 X3 X4 X5 X6
S1 v− 32 20 6 0 0 0
S2 0 0 v− 16 10 0 0
S3 0 v− 16 0 4 6 0
S4 0 0 0 0 v− 8 2
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4. Sets of size k = 8
Here is a list of some orbits of G on 8-subsets. We give names, representatives and
the values of the basic parameters.
Name Representative dim  
A1 0; v1; v2; v3; v4; v5; v6; v7 7 0 0
A2 0; v1; v2; v1 + v2; v3; v4; v5; v6 6 1 0
A3 0; v1; v2; v3; v4; v1 + v2 + v3 + v4; v5; v6 6 0 1
A4 0; v1; v2; v3; v4; v5; v6;
∑6
i=1 vi 6 0 0
A5 0; v1; v2; v1 + v2; v3; v4; v5; v3 + v4 + v5 5 2 0
A6 0; v1; v2; v3; v1 + v2; v1 + v3; v4; v5 5 3 0
A7 0; v1; v2; v1 + v2; v3; v4; v3 + v4; v5 5 2 1
A8 0; v1; v2; v1 + v2; v3; v4; v5; v1 + v3 + v4 + v5 5 1 2
A9 0; v1; v2; v3; v4; v1 + v2; v1 + v3; v2 + v3 4 7 0
A10 0; v1; v2; v1 + v2; v3; v4; v1 + v3; v1 + v4 4 6 0
A11 0; v1; v2; v3; v4; v1 + v2 + v3 + v4; v1 + v4; v2 + v3 + v4 4 5 2
A12 0; v1; v2; v3; v1 + v2; v1 + v3; v2 + v3; v1 + v2 + v3 3 14 0
A1 has dimension 7,
A2 arises from adding four independent vectors to an element of V2. The orbit length
is therefore a(V2) 124 (v− 4)(v− 8)(v− 16)(v− 32) = p5=242.
A3 is an extension of S2 by two independent vectors. The orbit length is obvious.
A4 consists of the 8-tuples of sum zero generating a space of dimension 6. It is clear
that a(A4) = p5=8!
A5 are the disjoint unions of two V2, generating a space of dimension 5. We get
a(A5) = 12a(V2)(v− 4)(v− 8)(v− 16)=24 = p4=(24× 48).
A6 are the extensions of S4 by two independent vectors. The orbit length is therefore
a(S4)(v− 8)(v− 16)=2 = p4=96.
A7 are the independent 1-vector extensions of X4. The orbit length is therefore a(X4)
(v− 16) = p4=72.
A8 consists of unions of two S2 that intersect in an independent 4-set (type V1). We
have  = 1;  = 2, the V2-subset being the complement of the intersection of the









A9 consists of independent 1-vector extensions of X6. The orbit length is therefore
a(X6)(v− 8).
A10 consists of orbits with a stabilizer of order 2 under the action of the translation
group E. There are v − 1 choices for such a group. Given the group, the set
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consists of four independent orbits. We get










A11 consists of unions of two S2, intersecting in a 4-set of type V1. This orbit diJers
from A8 in that, a space of diJerent dimension (4 instead of 5) is generated. We
have  = 5;  = 2. There are a(V1) choices for this intersection X . Let  	= 0
be the sum over its elements. Each of the two S2 is uniquely determined by the
choice of just one further element x as the remaining element must then be x+.
The number of choices of the rst S2 is therefore (v− 8)=2. It is clear that there
are then exactly three choices for the second S2, each one being determined by a
complementary pair of pairs from X . Therefore a(X11)=a(V1) 12 [
v−8
2 ] · 3=p3=32.
A12 consists of the a,ne 3-spaces. Its length is therefore v(v − 1)(v − 2)(v − 4)=
(8× 7× 6× 4) = 30p2=8!
These descriptions yield the parameter values and the orbit lengths. We see that
these orbits are pairwise diJerent.












A12 p2=(8× 7× 6× 4) = 30p2=8!
The orbit lengths sum to ( v8 ), showing that we have all orbits on 8-sets. The number
of 5-sets from orbit F2 contained in B is (k − 4)(B)= 4(B). Denote by (Fi; Aj) the
corresponding entry of the (5; 8)-incidence matrix. The number of pairs (F; A), where










8 J. Bierbrauer /Discrete Mathematics 240 (2001) 1–11
This yields the (5; 8)-incidence matrix as follows:
A1 A2 A3
F1







(v− 32)(v− 16)(v− 8)
6
0








3(v− 16)(v− 8) 8(v− 16)(v− 8)
3













Comparing the (5; 6)-incidence matrix and the (5; 8)-incidence matrix we see the
following:
Theorem 3. Choose as blocks
• the 6-sets of sum 0; and
• the 8-sets; which form three-dimensional subspaces.
This de5nes a 5-balanced design.
5-(2n; {6; 8}; 1):
Here we use an obvious generalization of the concept in Denition 1, where blocks
of more than one cardinality are permitted. The family in Theorem 3 was rst obtained
by R.M. Wilson, see the discussion in [3,5].
In order to calculate the (6,8)-incidence matrix we have to determine how many
6-sets from a given orbit are contained in a given 8-set. This information is in the
following table. Observe that the entries in column S2 are the values of the -
parameter.
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S1 S2 S3 S4
A1 28 0 0 0
A2 22 0 6 0
A3 27 1 0 0
A4 28 0 0 0
A5 16 0 12 0
A6 12 0 15 1
A7 15 1 12 0
A8 20 2 6 0
A9 0 0 21 7
A10 0 0 24 4
A11 0 2 24 2
A12 0 0 0 28
Here is the (6; 8)-incidence matrix:
A1 A2 A3 A4
S1 12 (v− 64)(v− 32) 552 (v− 32) 272 (v− 32) 12 (v− 32)
S2 0 0 12 (v− 32)(v− 16) 0
S3 0 12 (v− 32)(v− 16) 0 0
S4 0 0 0 0
A5 A6 A7 A8
S1 10 90 150 75
S2 0 0 10(v− 16) 152 (v− 16)
S3 12 (v− 16) 152 (v− 16) 8(v− 16) 32 (v− 16)
S4 0 12 (v− 16)(v− 8) 0 0
A9 A10 A11 A12
S1 0 0 0 0
S2 0 0 45 0
S3 6 3 36 0
S4 2(v− 8) 12 (v− 8) 3(v− 8) 1
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We concentrate on case n = 5. Use orbits A5 and A7, each with weight 1, as well
as orbit A10 with weight 8, A12 with weight 64. This yields a design
6-(32; 8; 160):
Here is the table giving the number of 7-sets contained in a given 8-set:
X1 X2 X3 X4 X5 X6
A1 8 0 0 0 0 0
A2 4 4 0 0 0 0
A3 6 0 2 0 0 0
A4 8 0 0 0 0 0
A5 0 8 0 0 0 0
A6 0 6 0 0 2 0
A7 0 6 1 1 0 0
A8 0 4 4 0 0 0
A9 0 0 0 0 7 1
A10 0 0 0 0 8 0
A11 0 0 0 4 4 0
A12 0 0 0 0 0 8
This gives us the (7,8)-incidence matrix:
A1 A2 A3 A4 A5 A6
X1 v− 64 35 21 1 0 0
X2 0 v− 32 0 0 1 9
X3 0 0 v− 32 0 0 0
X4 0 0 0 0 0 0
X5 0 0 0 0 0 v− 16
X6 0 0 0 0 0 0
A7 A8 A9 A10 A11 A12
X1 0 0 0 0 0 0
X2 12 3 0 0 0 0
X3 10 15 0 0 0 0
X4 v− 16 0 0 0 9 0
X5 0 0 2 1 6 0
X6 0 0 v− 8 0 0 1
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Theorem 4. Let n¿6. Choose as blocks the 8-sets from orbits (A4; A5; A8; A10;
A11; A12); with respective multiplicities (45; 36; 3; 15; 5; 45). This de5nes a design
7-(2n; 8; 45):
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